Introduction
Let L= K,u K2u--. u K, be an oriented p-component link (p ~2) in S3. Let 6 : M3 + S3 be a covering of S3 branched along L. Since the lift i-'(L) = i of L in M3 is a link, the linking number between various components of i may be defined, when, for example, H,( M3; Q) = 0. These linking numbers have been called the covering linkage invariant of L [7, 18] . Using various covering spaces, one can define many link type invariants which sometimes are strong enough to distinguish one link type from the other.
Furthermore, it has been shown that many known knot or link type invariants are interpreted as the covering linkage invariants in appropriate covering spaces [7] . It was proved, for example, that Milnor's @-invariants are in fact covering linkage invariants in nilpotent covering spaces of L [ 151. In the previous paper [17] , we studied systematically these covering linkage invariants in cyclic covering spaces and special types of metabelian covering spaces of 2-component links, and introduced polynomials associated with these coverings. In particular, it was proved that a: and hz defined in [8] are in fact covering linkage invariants in these covering spaces of L. In this paper, we will concentrate on the covering linkage invariants in general abelian covering spaces M3 of a p-component link L in S3, and in Section 3 we define integer polynomials associated with these abelian coverings. These polynomials involve p variables t,, t,, . . . , tp. Precisely speaking, they are obtained from formal power series by truncating higher terms. These polynomials are obviously invariant under ambient isotopy. More importantly, however, they are invariant under concordance, (Theorem 3.5), and they vanish for boundary links. (Incidentially, the invariants ji(kn) and &" defined in [17] are also concordant invariants.) The purpose of this paper is to provide a general theory on covering linkage invariants in abelian covering spaces M3 of a link which have appeared implicitly in many literatures, e.g. [6, 8, 17, 19, 201 . We are not interested in computing the linking number between components of the covering link except in the last section. We would rather prove that no matter what H, (M3, 2) is, the covering linkage invariants are always defined as an element of Z[[ tl , t2, . . . , t,]]/ I for an appropriate ideal 1, where Z[[t,, tZ, . . . , t,]] denotes the ring of formal power series.
In Sections 4-6, we will study these invariants in certain types of abelian covering spaces. In particular, it will be proved in Section 5 that the invariants w~,~ defined by Smythe [20] for a 2-component link are determined by our polynomials. The computation of these polynomials is particularly easy for those p-component links whose groups are generated by exactly p meridian generators.
Since typical examples of these links are the closures of pure p-braids, they will be called 'pure' links. Two-bridge links are pure links, but most of them are not the closures of pure braids. For pure links, our invariants are formal power series. See examples in Section 7.
For almost trivial links that may or may not be pure links, our polynomial associated to certain types of abelian covering spaces are closely related to the invariants defined by Sato in [ 191. In fact, for almost trivial 3component link, our polynomials are determined by Sato's invariants. The details will be found in Section 6.
In the last section, we will determine the covering linkage invariants in the abelian covering spaces in which each component of a link is lifted to a single knot. See Theorem 8.1. Such covering spaces are called non-divisive in [ll] . A proof of Theorem 8.1 is, however, omitted, because it is obtained as a simple application of the theorems in [17] . Now, we begin in Section 2 by defining a free group action on the ring of formal power series.
Free group actions
Let A be a commutative ring with 1. (For most cases, A = Z, the ring of integers.) Let f be a free group generated freely by elements xi, x2, . . . , x,. Let t,, t2, . . . , tF be p distinct symbols and let Pi = A [[ ti] ], i = 1,2, . . . , p, be the ring of formal power series on ti over A.
Consider the direct product P = P, x P2 x ' . . x P, and define an action u of F on P as follows: of F. Let fi be the free group generated freely by a set {x,,,, x~,~, . . . , x,,Jf~ 0) and let {5BJ, f E 0) be the Reidemeister-Schreier rewriting functions associated with (T* (see [7] or [17] Since C#J( I) = 1, the constant term of (P(f) is 1 for f~ 0, and hence neither l-+( a*( v)l) nor 4(a*( u)l) -1 involve constant terms. Therefore for any j, degT{ l-+(cr*(v)l)}zl and degT{4(a*(u)I)-l}al, and hence, deg~@& [u,v] [14] or [17] for the definition.) Let (Xi.1 3 vi} be a meridian-longitude pair of the ith component Ki of L, i = 1,2, . . . , p. Now let F* be the free group generated by {Xi,j, 1 s i s /A, 1 s j s hi}, and define an action E of F* on P by Z(X~,~) = a(xi) for 1 s i S p, 1 <j G Ai.
Let -yU = &(I&, Kj) be the linking number between Ki and Kj, i # j. We define, for convenience sake, yii = 0. Choose integer ni (i = 1,2, . . . , p) that divides each Of Yi.13 . . . 9 Yi,fi. Obviously E induces an action Z* of F* on R = RI x R2 x -* -x R,, and the orbit of I under E* is exactly 0. Let {9/*,f~ 0) be the Reidemeister-Schreier rewriting functions associated with E*. Since E* defines an abelian representation of F*, it induces the action of G(L) on R, and hence we obtain an abelian representation 2 : G(L) + Sym(0). Let A4 be the covering space of S3 -L associated with 2. Then rr( M) has a presentation
where the elements 9Fyi(,-) is called the tree relator in [7] . Now we want to define a homomorphism @* from rr,(M) into a certain abelian group lY First, we will define a homomorphism from the group G* = Let @ be a homomorphism from fi to @ satisfying (2.6). and therefore, for any r 5 q, c,r( tr , f2, . . . , t,) c li,q( tr 3 +, . . . , t,) mod (ty+'. . . . , tz+').
Let &(n,, . . . , n,) =(I,,~, . . . , lCL,4,~n,(~l), . . . ,p,,,(fJ, C+', . . . , CL+'"), and PZi= w&h,~~~, n,). Let B : P + Pg be the natural homomorphism. Let E* be the free group freely generated by the set { Bdf*Xi,j, f E lit}. Define a homomorphism 6., : @* + J'; by Lemma 3.1. For anyfE fl and qa-0, 6.49ar*ri,j=0, l< i<tL, l~j~~h,.
Proof. As we did in [15] or [17] , what we are required is to prove that for it is enough to show that +9m*(q,lfXi z @9fXi (mod I,( nr , . . . , n,)). . ,fw)@9IXiE @9fXi (mod I,(nr,. . . , n,)).
This proves (3.3) and hence Lemma 3.1. Cl
From Lemma 3.1, we see immediately that 6q induces the homomorphism from G* to PE. Now Proposition 5.4 in [7] and a remark after Corollary 7.3 in [7] give us the following theorem. Since any one of relations of a modified Wirtinger presentation is redundant, we need only prove (3.2) for p -1 equations. This implies that for any i, 1 s is p, AAn,,..., n,) is generated by p -1 elements, cl,q,. . . , ci-l,q, li+l,q,. . . , lp,4 and ¶+I r1 9.. ., t, ¶+I, P",(tlL . . . ,p,,(t,).
Note that for i= 1,2,. . . , p, T(ni)=id, since ni divides every yi,j, j = 1,2, . . . , p. From the definition and (2.6), we have immediately Since A,,,(L) are 'covering linkage invariants' in the abelian covering space associated with 2, we obtain the following theorem. and
where F and F are free groups (of rank p) generated by x1,. . . , xF and X1,. . . , Xr, respectively. Since L is concordant to L, it follows from [2] or [21] that for each q 2 0, there is an isomorphism (Y~+~: G/G,+,+ G/G,+, such that Lyq+i(Xi) = Ri and aq+l(eq+1(77i))= eq+1(77i)3 l s is CL. Now by Lemma 1 in [9] , lk( K,, K,) = lk( Ki, Kj) for any i, j, i # j, and therefore, to each abelian action 2 : F x P + P, we can associate abelian coverings A4 and h? of S3 branched along L and L, respectively. Let J, be the ideal generated by { p,,,( tl), . . . , p,,, ( t,), tY+', . . . , t:+'">. Since deg,* u 2 q + 1 for u~Fg+z, using the same multiplicative function 4 and gf, @, we can prove that 5i,,(tl,...,t,)~Si,q(tl,...,t~) mod&
Since r,(n,, . . . , n,) = <J,, ll,qr.
. . , l,+J = V,, &,,, . . . , fp;,,), we obtain p@9foq+l(7)i) = s@9fe,+l(iii).
and therefore, we have the following theorem. A similar argument used above shows that the invariants jj(kn) and .$" defined in [17] are also invariant under concordance.
In other words, we have Let n ( # +l) be an integer that divides all ~i,~, j = 1,. . . , p, and define an action cr:FxP+P as follows. 1+ fl)mil, 1,. . . , 1)-ll@9Jeq+I(r]i), i= 1,. . . , P. Proof. Let n = n, = n2. We assume n > 0. (When n < 0, the proof needs a slight modification at some place where a necessary remark will be given.) 
Consider a particular element
= CT* ;,Eo Ai,jSiQ = P* IO P~(s, f).
>
Write P*pr(s, t) = 1. ,ao C,jSrti and we determine C,j as follows. First for r = 0, we define Since p,_i_l(s, t)s E Ii, P*pr(s, t) =Cjso c,js'tj. Using these integers T~,~, then, we can find integers T~,~, ~~,i,. . . , and 0~ c,+~,~, c~+~,, , . . . < n inductively such that Pr+lCS, t)-i C Ti,jS'tjp,_i(S, t)S= C C,+l,jSr+'tj.
Then ~*IA+~(s, t) =Cjzo cr+l,jS +'tj. By induction, we have a 'standard' representative of C_O~r(~, t) in B*. By comparing (5.6) and (5.7) with the definition of Wi,j in [20] , it is now evident that c,~ = wi,j for all i, j 2 0. This proves Theorem 5.1. q Remark 5.1. Since there is no unique representative of j(s, t) in g*, it seems hard to distinguish between two elements in P*.
Special case (III) almost trivial links
For almost trivial links, the computation of our invariants are also very easy as will be seen later in this section. One of the purposes of this section is to prove some relationship between our invariants and those defined by Sato in [ 191. In this section, however, we consider much more general links than almost trivial links.
Let L=K,u. * * u K, be a p-component link in S3. L will be called nearly pure We should note that a multiplicative function 4 and 0gIXi (i # p) are not specified yet.
Since L is nearly pure, a modified Wirtinger presentation of the group of L is Proof. Since uq2 = x:21, it follows that @gd, ( VQ) = @grx:21= (1 + t,)"zl-1s 0 (modp,,(t,)).
Note that n,]y,,.
q Suppose -yfii = lk(K,, Ki) = 0 for i = 1,2,. . . , p -1. Since K, v. * * u K,_, is trivial, all yi,j = 0. Take ni = 0 for i = 1,2,. . . , p. Then the action u defined in (6.5) induces a homomorphism from G(L) to a free abelian group of rank p -1, and we obtain the (unbranched) covering space M, of S3 -L associated with CT. As we have shown in Section 3, using 4 and Q, defined in (6.6) and (6.7) respectively, we have a homomorphism 6 from the group G* = (@x~,~ : 9Tri,j, f e 0) to @. 
Proof. T,( M,) has a presentation
where gd/*y, is called a tree-relator in [7] . To get CD*, it suffices to find a homomorphism from G* to @ which maps %~;y, to 0. For finite coverings, this has been done in [7, Proposition 5.41 . Although our covering is of infinitely many sheets, there are no significant differences in a proof.
Let fi* be the free group freely generated by {CBFxi,j,fE 0). To each g E 0, first we define a homomorphism TCg): E* + 3 by (6.8)
where 6,, is Kronecker's delta. Then it is easy to see that
Therefore TCg) defines a homomorphism from G* to fi We also note that, for fE 0,
Since any g E 0 can be written as g = ((1-t t,)(ll, (1 + f2)02,. . . , (1 + fP_-l)a*-l, 1) with integers a,, . . . , q-,, we will denote g by (a,, u2, . . . , CI,_~). Then the tree- We should note further that T(X,, . . . , X,) does not involve X,. T(X,, . . . , X,)
seems to relate closely to Ii(L) defined in [ 191. In fact, we can prove the following theorem. Proof. For p = 2, the theorem is trivially true, since VT,, = 1 E H(co) and T(X,, X,) = 0 by Proposition 6.5. Suppose p 2 3. Let J be the ideal of the ring Z[X,, . . . , X,-r, X;', . . . , X,?,] whichisgeneratedbyX,-1,X,-l,...,X,_,-1. Now it is known [3] that H(n)/H(n+ l), n 2 2, is a free abelian group freely generated by 
and hence, for any g E H(n), @9Ja,(g) E J"+'.
A proof is straightforward, and hence is omitted. Since Ik(K,,Ki)=O, ISiS p -1, ~7~ belongs to Hz. Therefore, if ~7~ belongs to H(a), it follows from Lemma 6.9 that T(X,, . . . , X,) = @CBa,( ~77~) E J"+' for any rzal, and hence T(X, ,..., X,)=0. To prove the converse, suppose that ~77~ E H(n), n 2 2, and write ~77~ z n [i,j; Ui, . . . , u,_,]~","~P...,~~L--I' mod H(n+ l), (6.14) where the product is taken over all i, j and non-negative integers ai,. . . , ap-l such that 1 S i <j 6 p -1 and ~~~~ ak = n -2. Then
x (Xi -1)"~ * * . (X,_, -l)'*ml mod Jnf2. (6.15)
Now we fix i, and consider the terms in (6.15) which involve (Xi-l)'(Xi -l)', . . . (X,_, -1)'*-1 with fixed integers ci, . . . , q-, such that cI=: ck = n -1. Since @CSI( ~7~) = 0 by the assumption, the sum of the coefficients of these terms must vanish. Therefore we have j=!C+:+l r(i,_k ci,. . . , cj-l,.
. . , +I)=@ (6.Wl Similarly, by considering the terms in (6.15) involving
we obtain the system of equations j=$;2 74&j; ci,. . . , cj-l,. . Since a proof of the theorem is, in principle, similar to that of Theorem 6.8, it will be omitted. Remark 6.1. It seems that T(X,, . . . , X,) is related to the Alexander polynomial.
However, we will not pursue such connections in this paper.
Examples
Most of the examples that appeared in the literature are nearly pure links, because of their easy computability of invariants. Our examples considered here are also at least pure. Let n = 6, cxll = 2, al2 = 0, czzl = 3 and ff22 = 0. Define +(fr ,f2) =f,, and @Bd,x=O and @S~ry=l. Let g(t)=6t2+9t3+5t4+t5. Then ~n(t)=(1+t)6-l=66+15t2+20t3+15t4+6t5+t6 and 51(t)=-(t2+2t)(l+t)-3g(t)=-g(t)(t2+2t)(l+t)3 (modp,(t)).
Now since 09,( nr) = -g( t)( 1 + t)-3, we have A,(L)={(l+r)"g(t), m=O, 1,2}. On the other hand, @garn2= (1+ t))2(4t2+4f3+ t") = (1+ t)4(4t2+4t3+ t") (modp,(t)), and hence A,(L) ={(l+ t)"h(t), m =O, 1,2}, where h(t) =4t2+4t3+ t4.
These computation will be much simpler, if we use X = 1 + t. Then, pn(X) = X6 -1, and t,(X) = -(X2-1)2(X3 -1)Xm3. Therefore Note p2( t,) = 24 + tf.
-If m = 0 (mod 2), then (1 + t,))"' = 1 (mod p2( t,)).
-If m = 1 (mod 2), then (1 + t,))" = 1 + t, (mod pz( t,)). But (1 + t,)(2 + t,) = 2+ t, (mod p2( t, 
N,on-divisive coverings
In this section, we will consider t&e opposite case of what we studied in the previous sections. [7] , it will be omitted. 
